Abstract. We prove a structure theorem for non-isomorphic endomorphisms of weak Q-Fano threefolds (cf. Theorem 1.3), or more generally for threefolds with big anti-canonical divisor.
Introduction
We work over the field C of complex numbers. We shall prove Theorems 1.1, 1.2 and 1.3. (1) X is Gorenstein. Suppose further that X is rationally connected. Then X is rational. Theorem 1.2. Let X be a smooth Fano threefold with a surjective endomorphism f : X → X of degree > 1. Then X is rational.
Here is a sketch of the proof of Theorem 1.2 using Theorem 1.1. Let X → X 1 be the composite of blowdowns between smooth threefolds such that X 1 is a primitive smooth Fano threefold in the sense of [15] . The morphism f , replaced by some power, descends to a surjective morphism terminal singularities; some X might be irrational by invoking David Saltman's famous counter examples to Noether's problem.
As another type of example, one takes elliptic curve E of period √ −1 and the abelian variety A = E n with n ≥ 1. Let µ 4 ∼ = √ −1 act diagonally on A. Then X = A/µ 4 has only log terminal singularities and is rationally connected when n ≤ 3. For m = 0, ±1, the multiplication map m A : A → A (a → ma) descends to an endomorphism f : X → X of degree m 2n > 1. When n = 3, it is not known whether X is rational.
These examples suggest that the Gorenstein requirement might be necessary for Theorem 1.1 or 1.2.
For a uniruled threefold X with −K X big and an endomorphism, we have the following equi- Remark 1.4. Theorem 1.2 was proved in [25] when the surjective morphism f : X → X is assumed further to be polarized (cf. 2.1(1) below for its definition). The author does not know whether Theorem 1.2 follows from the result in [25] , but being polarized is a strong condition (nevertheless, see also Theorem 1.3(3)). For instance, take any endomorphism g : Y → Y , then
[20, Lemma 2.1]).
For an arbitrary uniruled variety X with an endomorphism f , we like to have an equivariant MMP: X ···→ X m to reduce to the Fano fibration case. To do so, we need to prove that the K-negative extremal rays appearing in the composition X ···→ X m of birational contractions are stabilized by f and its descents. This is not easy to prove because the Mori cone NE(X) may have infinitely many extremal rays and X ···→ X m may involve flips and hence may not be holomorphic. Fortunately, for Theorem 1.3, these difficulties are overcome by Theorem 2.16.
We refer to [4] , [5] , [12] , [18] , [19] , [20] , [24] , and [25] for the recent development in the study of the dynamics of endomorphisms of complex varieties. 
Preliminary results

2.1.
Conventions are as in Hartshorne's book, [9] and [10] . Some more:
(1) Every endomorphism f of a projective variety in this paper is assumed to be surjective; so it is finite by the projection formula.
An endomorphism f : X → X is polarized if there is an ample Cartier integral divisor H such
(2) Let f : X → X be an endomorphism and σ V : V → X and σ Y : X → Y morphisms. We say that f lifts to an endomorphism
(3) Every boundary divisor in a pair is assumed to be an effective Q-divisor.
(4) A pair (X, Θ) is called a klt weak Q-Fano variety (resp. klt Q-Fano variety) if X is a Q-factorial normal projective variety, the pair (X, Θ) has at worst klt singularities as in [10, Definition 2.34] and −(K X + Θ) is nef and big (resp. ample). When Θ = 0, the pair (X, Θ) is simply denoted as X. Thus X is a klt weak Q-Fano variety, or a klt Q-Fano variety if so is (X, 0). A klt weak Q-Fano variety (resp. a klt Q-Fano variety) with (X, Θ) terminal (strengthened condition) is called a weak Q-Fano variety (resp. a Q-Fano variety).
(5) Suppose that X is a normal projective variety and (X, Θ) is terminal or klt. An extremal ray in the Mori cone NE(X), the nef cone Nef(X) or some other convex cones is in the sense of locally polyhedral cone. A (K X + Θ)-negative extremal ray in NE(X) is an extremal ray whose intersection with K X + Θ is negative. By a (K X + Θ)-negative extremal contraction X → Y , we mean the contraction of a (K X + Θ)-negative extremal ray in NE(X). In particular, the Picard number ρ(X) = ρ(Y ) + 1. When Θ = 0, such a contraction is simply called an extremal contraction, or divisorial contraction, or flip, accordingly. (6) By a conic bundle X → Y , we mean an extremal contraction of relative dimension 1, where X is normal projective with only terminal singularities (so a general fibre is P 1 ).
(7) For a surjective morphism f : X → Y , the discriminant of f is defined as D(X/Y ) := {y ∈ Y ; f is not smooth over y}. Let D s (X/Y ) be the s-dimensional part of D(X/Y ), which is also regarded as a reduced scheme.
(8) For an endomorphism ϕ : V → V of a finite-dimensional real vector space V , ρ(ϕ) := max{|λ| ; λ ∈ C is an eigenvalue of ϕ} is the spectral radius.
(9) For a Q-factorial normal projective variety X, denote S(X) := {prime divisor M ; M |M is not pseudo-effective}. When dim X = 2, our S(X) is the set of negative curves on X.
(10) For a normal projective surface X, denote by Weil(X) the finite-dimensional R-vector space 
(ii) In (2) above, by [13, §4.7] , 'X → Y is non-standard' if and only if 'X → Y is a P 1 -bundle in the Zariski-topology'; such a P 1 -bundle is locally trivial and hence X is rational, due to the triviality of the Brauer group Br(Y ) for smooth rational surfaces.
(iii) The (3) note also that (π ′ ) * E is irreducible for every prime divisor E ⊂ Y ′ (and especially for those
The (4) is from (2) and (3). 
Proof. We may assume that D 1 (X/Y ) = ∅ (cf. Lemma 2.6) and F is a general member in |F |. 
Now Proposition 2.7 follows from Theorem 2.3.
Lemma 2.9. Let X → Y be a conic bundle with dim Y = 2, and f : X → X a surjective
Proof. 
) with a well-defined inverse mapping
we may also assume that ϕ|S(X 1 ) = id, when ϕ : X 1 → X 2 = X 1 is an endomorphism and ϕ is replaced by some power.
As a referee remarked, Lemma 2.11 and Lemma 2.12(2) are well known and the latter also follows from [21, Lemma 2.8]. We give proofs for them for the convenience of readers.
Lemma 2.11. Let (X, Θ) be a klt weak Q-Fano variety. Then we have:
(2) The cone NE(X) has only finitely many extremal rays (K X negative or non-negative). (2) is true by the cone theorem as in [10, Theorem 3.7] . Lemma 2.12.
(1) Let ϕ : V → W be a generically finite surjective morphism between projective varieties. Suppose that the cone NE(V ) has only finitely many extremal rays
. Then NE(W ) has only finitely many extremal rays, each of which is generated by some ϕ(C i ). Consider the case where σ is divisorial. By Lemma 2.11, we may assume that (V, Θ) is klt
and hence it is Q-linearly equivalent to some ∆ > 0 with (V, Θ + ∆) klt by the argument in the previous case. Then
is klt (and Q-Fano) because so is (V, Θ + ∆). This proves the lemma.
Below is Birkhoff's generalization of the Perron-Frobenius theorem (cf. [2] ). Lemma 2.14. Let V be a normal projective surface and f : V → V a surjective endomorphism.
Proof. By Theorem 2.13, there is a nonzero
R-Cartier nef divisor L ∈ Weil(V ) such that f * L ≡ ρL where ρ := ρ(f * ). Take a Jordan canonical basis {L i } i≥1 for f * | Weil(V ). Write f * L i = λ i L i +L i−1 (set L 0 := 0). Note that |λ i | ≤ ρ. We may assume that L.L i = 0 for all i < s and L.L s = 0. Now deg(f )L.L s = f * L.f * L s = ρL.(λ s L s + L s−1 ) = ρλ s L.L s . So deg(f ) = ρλ s ≤ ρ 2 . Lemma 2.15. Let X = X 0 ···→ X 1 · · · ···→ X r be a
composition of flips and divisorial contractions corresponding to (K
Suppose that f = f 0 : X → X is a surjective endomorphism and descends to surjective en-
Proof. Let H ′ ⊂ X k be an ample Q-divisor and set H :=
By the remark above, we only need to show the second assertion, and for that we will prove by the ascending induction on |k − i|. We may assume that s k = 1, after replacing f by some power. It suffices to show that f * i |N 1 (X i ) = q id for i = k − 1 and k + 1. So we may assume that (k, r) = (0, 1) or (1, 1).
Case (1) . σ : X → X 1 is a divisorial contraction with E the exceptional divisor. E is irreducible by [9, Proposition 5-1-6], and f * E = eE for some e > 0 because both f and its descent f 1 are necessarily finite morphisms. If k = 0 so that f * i |N 1 (X i ) = q id for i = 0 then the same holds for Case (2) . σ : X ···→ X 1 is a flip. Then σ induces an isomorphic linear map between N 1 (X) and The theorem below is the key in proving Theorem 1.3.
Theorem 2.16. Let X be a Q-factorial projective threefold with only terminal singularities, big −K X and a surjective endomorphism f :
extremal ray. Then, replacing f by some power, we have:
gives rise to a divisorial contraction σ : X → X 1 , or a flip σ :
Proof. We only need to show the first assertion of Theorem 2.16 because the second follows from the first; see [25, Lemmas 2.12 and 3.6]. Indeed, the bigness of −K X implies that of −K X 1 = σ * (−K X ) when σ is divisorial; −K X 1 is also big when σ is a flip, because σ is then isomorphic in codimension one.
We now prove Theorem 2.16(1). We may assume that ℓ is an irreducible curve. Write −K X = A + D with A an ample Q-divisor and D an effective Q-divisor. By [10, Theorem 3.7] , for every 1 > ε > 0, the first assertion below is true.
Claim 2.17.
(1) The subcone R ε := NE(X) K X +εA<0 of NE(X) contains only finitely many extremal rays.
gives rise to a divisorial contraction σ : X → X 1 with E the exceptional (necessarily prime) divisor and ℓ taken to be a fibre of σ. Then the subspace N 1 (X).E ⊂ N 1 (X) has rank ≤ 2, and the ray
curve. For any divisor M on X we have (M −aA).ℓ = 0 for some a ∈ R and hence
E is spanned by A.E and ℓ. Claim 2.17 (2) is true because the ray there, is extremal in the bigger cone NE(X). This proves Claim 2.17.
We return to the proof of Theorem 2.16.
is an extremal ray in NE(X) (K X negative or non-negative); to ℓ because f * is an automorphism of the vector space N 1 (X). We are done.
Therefore, we may assume that f s (ℓ) is not contained in R ε for all s ∈ Z \ {0} after f is replaced by some power. Note that ∪ s>0 f s (ℓ) ⊂ D because:
gives rise to a Fano fibration σ : X → X 1 with dim X 1 ≤ 2 and ℓ chosen to be in a general fibre of σ. Then f (ℓ) is not contained in D. This is a contradiction.
Case (2) . R ≥0 [ℓ] gives rise to a divisorial contraction σ : X → X 1 with E the exceptional (prime) divisor and ℓ taken as a fibre of σ. Since
Since D has only finitely many components, we have f r 2 (E) = f r 1 (E) for some r 2 > r 1 . Thus for fibres ℓ t of σ, we have f r 2 (ℓ t ) = f r 1 (m t ) for some irreducible curve m t ⊂ E. So f r (ℓ t ) (and hence f r (ℓ)) is parallel to m t , where r := r 2 − r 1 > 0. For an extremal curve ℓ ′′ , denote
where these C are irreducible curves. Then E = U ℓ . By [25, Lemma 2.11],
The map {ℓ t } → {m t } is a finite-to-finite map. So {m t } is an infinite set and hence
By Claim 2.17, (the closure of) Nef(X).E is generated by one or two extremal rays (one being
) each of which is preserved by f 2r * . Thus f 2r (ℓ) is parallel to ℓ. We are done.
Case (3). R ≥0 [ℓ] gives rise to a flip X ···→ X + with flipping contractions π : X → Y 1 and
We may assume that f i (ℓ) and f j (ℓ) are not parallel for all i = j. In particular, f i (ℓ)'s are pair-wise distinct. Replacing f by some power, we may assume that
is a union of finitely many (and, when s >> 0, the same number of)
, replacing ℓ by some f s (ℓ), we may assume
Also, by the choice of j 0 and ℓ 0 ,
Replacing f by some power, we may assume that f ± (D j ) = D j for all 1 ≤ j ≤ r, and also f (ℓ).D 1 < 0 after relabelling, noting that only finitely many f On the other hand, e 1 (being the spectral radius) must be a Salem number (and an algebraic integer of degree ≥ 2 over Q) and e 1 and e Then the Mumford intersection satisfies
Applying the above to i = j = a >> 0 or i = j − 1 = a >> 0, we get
Thus ℓ i+1 is parallel to ℓ i , by pulling back to a resolution of D 1 and applying the Hodge index Proof. Note that the second part follows from the first and the purity of branch loci. If σ : X ···→ X 1 is a flip, then σ switches R f and R f 1 because σ is an isomorphism in codimension 1 and f 1 is the descent of f , so R f = 0 if and only if R f 1 = 0.
Consider the case where σ : X → X 1 is divisorial with E the exceptional (prime) divisor. Then
Suppose the contrary that R f 1 = 0 and R f = 0. Then R f = (e − 1)E, where f * E = eE with e ≥ 2. Take a fibre ℓ of σ. Then ℓ.K X < 0. It is well known that ℓ.E < 0. Since f and f 1 are compatible, f * ℓ ≡ cℓ for some c > 0. Now
Thus f * ℓ = (d/c)ℓ = eℓ. Now multiplying ℓ to the equality K X = f * K X + (e − 1)E and by the projection formula, we obtain
Thus 0 < −ℓ.K X = ℓ.E < 0, absurd. So R f = 0 if and only if R f 1 = 0.
Fibration-preserving endomorphisms
In this section, we shall prove three lemmas used in the proof of the main theorems. Note that the Picard number ρ(X F ) = 2+s. Denote
which is also a smooth ruled surface with a ruling X F ′ → F ′ . Our f restricts to a finite morphism f |X F ′ : X F ′ → X F of degree d while the latter descends to the isomorphism h|F ′ :
So X F ′ is a smooth ruled surface with the Picard number
where 
where G is an effective divisor having no common component with D. Inductively, for all s > 0, we have 
Take an ample divisor H on Y . Then for all s > 0,
Thus G = 0 and there is a fibration Y → B ∼ = P 1 (for g(B) ≤ q(Y ) = 0) with a general fibre F such that
for some rational number a > 0. Since
This contradicts the extra assumption above.
We still have to consider the case where F is elliptic and Y → B is an elliptic fibration.
Claim 3.5.
(2) Every fibre of the elliptic fibration Y → B is irreducible.
, then X is non-Gorenstein and f isétale over X \ Sing X,
We now prove Claim 3.5. Replacing f by some power, we may assume that both h and h (2). Also E is horizontal to the elliptic fibration Y → B by (2), so E.F > 0. Now e(E.F ) = h * E.h * F = √ eE.F and hence e = √ e. This is impossible for e = deg(h) > 1 by the assumption. would imply that h is polarized by some ample divisor H so that h * H ∼ √ eH as in [18, Theorem 4.4.6] ; this leads to that e(H.
Suppose that d = e. We assert then that X 1 is isomorphic to the normalization Z of
Indeed, π 1 :
Z → Y 1 and Z → X 2 are the natural projections. Since π 2 : X 2 → Y 2 has connected fibres and h is finite, Z is irreducible. Note that the map X 1 → Z is finite because so is f :
. Thus the map X 1 → Z is an isomorphism and we can and will identify X 1 = Z.
By (1), f : X → X isétale in codimension 1, so we have (*): f isétale over X \ Sing X by the purity of branch loci. Thus X is non-Gorenstein. Indeed, a Gorenstein 3-dimensional terminal singularity is an isolated hypersurface singularity and hence has trivial local π 1 by a result of Milnor, so that f s : X → X isétale of degree d s for any s > 0 (by (*)), contradicting the fact that the rationally connected variety X has finite π 1 . This proves Claim 3.5.
We continue the proof of Lemma 3.4. Let ρ be the spectral radius of h * |N 1 (Y ) and L a nonzero R-Cartier nef divisor such that h * L ≡ ρL. Note that ρ ≥ √ e > 1 by Lemma 2.14. So L is not parallel to F and hence L.F > 0 by the Hodge index theorem applied to the pullbacks on Y .
(2) L (replaced by its positive multiple) is an integral Cartier divisor with
We prove Claim 3.6.
(1) Note that S(Y ) = ∅ and L 2 = 0 = F 2 imply that L and F are extremal and hence (1) follows because the Picard number
as sum of pseudo-effective divisors. Let G i ≡ P i + N i be the Zariski-decomposition. Since S(Y ) = ∅, we have N i = 0 and hence
Then, by the Hodge index theorem, G 1 is parallel to G 2 and hence both G i are parallel to G. So both L and F are extremal.
(2) We can choose F and an ample divisor H to be generators of N 1 (Y ). Replacing L by its multiple, we may write L = εF + uH with ε = ±1 and
Thus we may assume that L is integral and Cartier.
By the Riemann-Roch theorem and noting that L.F > 0 and σ
and hence L is parallel to
M by the Hodge index theorem. Also M 2 = 0 and hence Bs|M| = ∅. Replacing L by a multiple of M we may assume that L is a fibre of the fibration ψ : (3) is true. This proves Claim 3.6.
We continue the proof of Lemma 3.4. By Claim 3.6(3), we may assume that L is a general fibre of ψ. Since the arithmetic genus p a ( we may assume that K
We shall reach a contradiction late.
Let N i be the union of all negative curves (i.e., (−1)-curves) on X i . By Lemma 2.10, both f and f −1 induce natural bijections (inverse to each other) between N i and N i+1 . Indeed,
where G i is an effective divisor having no common components with N i . By iterating, for all s > 0, we have:
Since K 
. Multiplying the equality by an ample divisor and letting s → ∞, we get a contradiction. We may assume that h(y 0 ) = y 0 after replacing f by some power. Set X 0 := π * (y 0 ) which is a (smooth) del Pezzo surface. Then the restriction f 0 = f |X 0 : X 0 → X 0 is a finite morphism of
≥ 6 by [17] or [22, Theorem 3] , so X is rational by Theorem 2.3.
Therefore, we may assume that d 0 = 1 and deg(h) = deg(f ) = d. So f * F ≡ dF for a general fibre F of π. To distinguish, we write f :
As in the proof of Claim 3.5, X 1 is isomorphic
In particular, the ramification divisor R f is supported on fibres and we can write R f ≡ bF , noting that every fibre is irreducible for ρ(X/Y ) = 1. If b = 0, i.e. R f = 0, then K 3 X = 0 and X is non-Gorenstein, as in the proof of Claim 3.5. Thus we may assume that b > 0.
Since the Picard number ρ(X) = 2, we have Nef(X) = R ≥0 L 1 + R ≥0 L 2 with L i extremal rays.
We assert that a general fibre F of π is an extremal ray in Nef(X). Indeed, if F = G 1 + G 2 is the decomposition into nef divisors, then 0 = ℓ.F = ℓ.G 1 + ℓ.G 2 for a curve ℓ in F and hence
and G i is parallel to F (see [9, ). The assertion is proved. So we may assume that
|F is ample we have a 2 < 0. Now
Comparing coefficients of L i , we get
So −K X is an interior point in Nef(X) and hence ample. Also f * |N 1 (X) can be diagonalized
is the matrix representation of f * |N 1 (X) (resp. f * |N 1 (X)) with respect to some basis. Thus f * ℓ i ≡ r i ℓ i , where {r 1 , r 2 } = {1, d}.
We may assume that ℓ 1 is contained in F so that π is the contraction of the extremal ray ℓ 1 .
Then
Therefore, we have (1) X is Gorenstein.
Assume further that ( * ) : X is rationally connected and −K X is big. Then X is rational, unless (f s ) * | N 1 (X) = q s id for some integer s ≥ 1 (and hence f is polarized).
The hypothesis ( * ) in Corollary 4.1 above is satisfied, if (X, Θ) is klt weak Q-Fano for some Θ (cf. Lemma 2.11). (1) X i is Gorenstein.
Suppose further that X is rationally connected. Then X is rational. (1) Every X i (0 ≤ i ≤ t) is Q-factorial and has only terminal singularities and big −K X i ; see [9] or [10, Proposition 3.37, Corollary 3.42], and Theorem 2.16(2).
(2) Note that −K X is big and X is rationally connected, whenever (X, Θ) is klt weak Q-Fano for some Θ; see Lemma 2.11. Now consider the case dim Y ∈ {1, 2} in Theorem 1.3(3). , so there is a surjective endomorphism h|X y : X y → X y for some general y ∈ Y , after h is replaced by some power. Here X y ⊂ X is the fibre over y and is P 1 or del Pezzo.
The remark below gives sufficient conditions to descend f to a surjective endomorphism h :
Y → Y as in Theorems 1.1 and 1.3.
Remark 4.5. Let π : X → Y be a K X -negative extremal contraction and f : X → X a surjective endomorphism. Then f , replaced by some power, descends to a surjective endomorphism h : Y → Y if any one of the following seven conditions is satisfied.
(1) X is a klt weak Q-Fano variety.
(2) (X, Θ) is a klt weak Q-Fano variety for some Θ.
(3) The cone NE(X) has only finitely many extremal rays (K X negative or non-negative).
(4) dim Y ≤ 1.
(5) The Picard number ρ(X) ≤ 2.
(6) X is a Q-factorial projective threefold with only terminal singularities and big −K X ; the degree deg(f ) ≥ 2. Hence f ±s stabilizes every such extremal ray for some s > 1. So Remark 4.5 is true (cf. [25, Lemma 3.6] for the flip case).
Proof of Theorem 1.2
Since X is Fano, it is rationally connected and has only finitely many extremal rays R ≥0 [C i ] all of which are K X -negative; see Lemma 2.11. Let X → X 1 be the composite of blowdowns between smooth threefolds such that X 1 is a primitive smooth Fano threefold in the sense of [15] . Replacing f by some power, we may assume that f descends to a surjective morphism f 1 : X 1 → X 1 . This is because every smooth X ′ appearing in between X and X 1 is obtained by contracting a K-negative extremal ray, the cone NE(X ′ ) is generated by finitely many extremal rays (the images of R ≥0 [C i ]) and a finite morphism permutes these rays; see [25, Let X = X 0 ···→ X 1 · · · ···→ X t be a composition of K X i flips and divisorial contractions so that there is no K Xt -negative extremal contraction of birational type.
Claim 4.9. For every 0 ≤ i ≤ t, the X i is Q-factorial uniruled with only terminal singularities, −K X i is big, K X i is not nef, and there is a K X i -negative extremal contraction.
We prove Claim 4. 
